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Abstract. We prove that a map between two realcompact spaces is skeletal if and only if it is homeomorphic 
to the limit map of a skeletal morphism between w-spectra with surjective limit projections. 



In this paper we present two characterizations of skeletal maps between realcompact topological spaces. All 
maps considered in this paper are continuous and all spaces are Tychonoff. For a subset yl of a topological 
space X hy dA we shall denote the closure oi A in. X. 

A map / : X -> y is called skeletal if for each nowhere dense subset A cY the preimage f^^{A) is nowhere 
dense in X. This is equivalent to saying that for each non-empty open set U C X the closure f{U) has 
non-empty interior in Y, see [3]. 

The latter definition can be localized as follows. A map f : X -^Y between two topological spaces is called 

• skeletal at a point x <E X ii for each neighborhood U C X oi x the closure cly (/(?/)) of f{U) has 
non-empty interior in Y; 

• skeletal at a subset A C X ii f is skeletal at each point x € A. 

It is clear that a map f : X ^ Y is skeletal if and only if / is skeletal at each point x E X. 

1. Characterizing skeletal maps between metrizable Baire spaces 

It is clear that each open map is skeletal. For closed maps between metrizable Baire spaces this implication 
can be partly reversed. Let us recall that a topological space X is Baire if for any sequence (C/„)„g(^ of open 
dense subsets Un C X the intersection HnGw dense in X. 

We shall say that a map f : X ^Y between topological spaces is 

• open at a point x £ X ii for each neighborhood U G X oi x the image f(U) is a neighborhood of f{x); 

• open at a subset A C X ii f is open at each point x € A; 

• densely open if / is open at some dense subset A a X. 

It is easy to see that each densely open map is skeletal. The converse is true for skeletal maps between 
metrizable compacta, and more generally, for closed skeletal maps defined on metrizable Baire spaces. 

Theorem 1.1. For a closed map f : X ^ Y defined on a metrizable Baire space X the following conditions 
are equivalent: 

(1) f is skeletal; 

(2) / is skeletal at a dense subset of X ; 

(3) / is densely open: 

(4) / is open at a dense Gs-subset of X. 

Proof. The implications (4) (3) (2) ^ (1) are trivial and hold without any conditions on /. 

To prove the implication (1) (4), fix a metric d generating the topology of the metrizable space X. For 
every n G N consider the family Un of all non-empty open subsets U C X such that diam(C/) < 1/n and f{U) 
is open in /. The skeletal property of / implies that the union |JW„ is dense in X. Since the space X is Baire, 
the intersection A = Pl^i U^n ^ dense G^-set in X. It is clear that / is open at the set A. □ 

The following simple example shows that the metrizability of X is essential in Theorem 11.11 and cannot be 
weakened to the first countability. 

Example 1.2. The projection pr : A — > [0,1] from the Aleksandrov "two arrows" space A = [0,1) x {0} U 
(0, 1] X {1} onto the interval is skeletal. Yet it is open at no point x £ A. 
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2. Skeletal and densely open squares 

In this section the notions of skeletal and densely open maps are generalized to square diagrams. These 
generalized properties will be used in the spectral characterization of skeletal maps given in the next section. 

Definition 2.1. Let 2? be a commutative diagram 




consisting of continuous maps between topological spaces. The commutative square V is called 

• open at a point x Cz X ii for each neighborhood U C X of x the point f{x) has a neighborhood V gY 
such that V C /([/) and PyHV) C f{p^^{U))\ 

• open at a subset A C X if "D is open at each point x £ A; 

• densely open if it is open at some dense subset A C X; 

• skeletal at a point x € X if for each neighborhood U d X of x there is a non-empty open set V C Y 
such that V C cl/(;7) and Py\V) C cl /(p^^(C/)); 

• skeletal at a subset A C X if T> is skeletal at each point x G A; 

• skeletal if V is skeletal at X. 

Remark 2.2. // the square V is skeletal (at a point x E X), then the map f is skeletal (at the point x). 
Remark 2.3. A map f : X ^ Y is skeletal (resp. open) at a subset A C X if and only if the square 

f 




is skeletal (resp. open) at the subset A. 

It is easy to see that each densely open square is skeletal. Under some conditions the converse is also true. 
The following proposition is a "square" counterpart of the characterization Theorem 12.41 

Proposition 2.4. Let V be a commutative diagram 




consisting of continuous maps between topological spaces such that the map f : X ^ Y is closed, the projection 
Py is surjective, and the space X is metrizable and Baire. Then the following conditions are equivalent: 

(1) the square V is skeletal; 

(2) T) is skeletal at a dense subset of X; 

(3) T> is densely open; 

(4) T) is open at a dense Gg -subset of X . 

Proof. The implications (4) (3) ^ (2) ^ (1) are trivial and hold without any conditions on V. 

To prove the implication (1) (4), assume that the square P is skeletal. First let us prove two auxiliary 
claims. 

Claim 2.5. For each non-empty open subset U <Z X there is a non-empty open set V <ZY such that V C f{U) 
andpy\V)(lf{p],\U)). 
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Proof. Using the regularity of the space X, find a non-empty open subset W C X whose closure W lies in 
the open set U. Since the square V is skeletal, for the set W there is a non-empty open set V C Y such that 
Py^{V) C c\ f {p'^^ {W)) . Taking into account that the map / is closed, we see that the set f{Px^{W)) is closed 
in Y and hence 

Py\V) C df{py\W)) C Kpx\W)) C f{Px\U)). 

Applying to these inclusions the surjective map py, we get the inclusion 

V = PYiPr'iV)) ^ PY o f{Px\U)) = f o pxiPx\U)) c fiU). 

□ 

Claim 2.6. Each non-empty open set U C X contains a non-empty open set W <ZU such that f{W) is open 
iuY and f{p^\W)) = Py^fiW)). 

Proof. By Claim [^31 there is a non-empty open set F C F such that V C f{U) and Py^iV) C f{pj}{U)). 
Then the open set W = U H f~^{V) has the required properties. Indeed, its image f{W) — V is open in Y. 
Also the inclusion py^(y) C f{px^{U)) implies 

fiPx'm) = f{Px\u n f-\v))) = f(pxHu)npx\f-\v))) = 

^f{Px\U)nf-\py\V)))^f{Px\U))nPy\V)^Py\V)^Py\f{W)). 

□ 

Let W be the family of all non-empty open sets W C X such that f{W) is open in Y and Py^ {f {W)) = 
f{p'^^{W)). Fix any metric d generating the topology of the metrizable space X and for every n d uj consider 
the subfamily >V„ = {W £ W : diam(M^) < 2~"}. By Claim ^IM the union IJ W„ is an open dense subset of 
X. Since A" is a Baire space, the intersection A = Plnecj U ^ dense G^-set in X. To finish the proof, 

observe that the diagram V is open at the dense G^-set A. □ 

3. Skeletal squares and inverse spectra 

In this section we detect morphisms between inverse spectra, inducing skeletal maps between their limit 
spaces. At first we need to recall some standard information about inverse spectra, see O §2.5] and [2] Ch.l] 
for more details. 

For an inverse spectrum S — A] consisting of topological spaces and continuous bonding maps, by 

YrnvS = {{xa)aeA e J]^ Aq : Va < ^ pti^^p) = Xc,} 

we denote the limit of S and by p^ ■ limiS — )■ A^, pa : x H> Xq,, the limit projections. 

Let Sx — {Xa,Pa,A} and Sy — {Ya, tt^, ^} be two inverse spectra indexed by the same directed partially 
ordered set A. A morphism {fa}a£A ■ Sx — >■ Sy between these spectra is a family of maps {fa '■ Xa Ya\aeA 
such that fa°Pa=^a° fp ^01" ^^^Y elements a < j3 in A. 

Each morphism {fa^aeA '■ Sx Sy of inverse spectra induces a limit map 

lim/tt : lim^A' ^ lim^Sy, lim/a : {xa)aeA ^ {fa{xa))aeA 

between the limits of these inverse spectra. 

For indices a < /3 in A the commutative squares 

lim Sx -S- lim Sy Xp — Yg 



and 



pi 



Aft - ^ Xa ~ ^ Ya 

are called respectively the limit ],a-square and the bonding [f^-square of the morphism {/«}. 
We shall say that the morphism {fa}aeA ■ Sx — > Sy has 

• is skeletal if each map fa '. Xa — > Ya, a G j4, is skeletal; 

• has skeletal limit squares if for every index a ^ A the limit J^^-square is skeletal; 
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• has skeletal bonding squares if for every indices a < P in A the bonding J,^-square is skeletal. 
Our aim is to find conditions on a morphism {fa} '■ Sx — >■ Sy of spectra implying the skeletality of the limit 
map / = lim : lim Sx lim Sy ■ 

Proposition 3.1. For a morphism {fa}aeA '■ Sx ^ Sy between inverse spectra Sx = {Xa,Pa: '^'^'^ 
Sy = {X^,iT^, A} with surjective limit projections, the limit map lim fa '■ limiSx ~^ limtSy is skeletal if the 
morphism {fa} has skeletal limit squares. 

Proof. We need to show that the limit map / = lini/a : X ^ Y is skeletal, where X = \imSx, Y — lini5y. 
Given any non-empty open set [/ C X, we need to find a non-empty open set V CY such that V C c\f{U). 
By the definition of the topology of the limit space X = \\mSxi there is an index a G A and a non-empty 
open set Ua C Xa such that U D p~^(Ua)- Since the limit J-^-square 




is skeletal, for the open set Ua C Xa there exists a non-empty open set Va C Ya such that the open set 

V = Tr~^{Va) lies in the closure of the set f{Pa^{Ua))i which lies in the closure of the set f{U). □ 

It turns out that in some cases the skeletality of squares is preserved by limits. 

A partially ordered set A is called K-directed for a cardinal number k if each subset K d A oi cardinality 
|C| < K has an upper bound in A. 

For a topological space X by 'nw{X) we denote the n-weight of X, that is, the smallest cardinality \B\ of 
a TT-base B for X. We recall that a family B of non-empty open subsets of X is called a ir-base for X if each 
non-empty open subset of X contains a set U E B. 

Proposition 3.2. Let {fa}aeA '■ Sx — >■ Sy be a morphism between inverse spectra Sx = {^a,Pa^ A} and 
Sy — {Xf;,Tr^, A} with surjective limit projections. If for some a A and the cardinal k = nw{Ya) the index 
set A is K-directed, then the limit ],a-square is skeletal provided that for any f3 > a in A the bonding ],^-square 
is skeletal. 

Proof. Assuming that the limit 4,Q-square is not skeletal, we can find a non-empty open set Ua C Xa such that 
for any non-empty open set Va C Ya we get 7r~^(T4t) {Z! clf{U) where U = Pa^{Ua) and / = hm/c is the hmit 
map. Fix a 7r-base B for the space Ya having cardinality \B\ = Trw{Ya) < k. For every set V E B the open set 
Tr~^{V) \ c\f{U) is not empty and hence contains a set of the form tt'^1{Wv) for some index ay > a in A and 
some non-empty open set Wy C Ya^r . Since the index set A is K-directed, the set {ay : V G B} has an upper 
bound /3 E A. 

By our hypothesis, the bonding |f^-square is skeletal. Then for the open subset Up — {Pa)~^{Ua) of Xf; we 
can find a non-empty open set V C Ya such that {Tr^)~^{V) C cl/;3(C/^). We lose no generality assuming that 

V E B. In this case the choice of the set Wy guarantees that 7r~^J;(VFy) C '^a^{V)\f{U). Then the open subset 
Wis = {T^O'^iWv) = 7r/3(7r-^(l^y)) of {n^y^V) does not intersect the set npof{U) = op^([/) = fp{Up) 
and hence cannot lie in cl//3(t/^). This contradiction shows that the limit 4,Q-square is skeletal. □ 

Corollary 3.3. Let {fa}aGA ■ Sx Sy be a morphism between inverse spectra Sx — {^a,Pa' ^} '^^'^ 
Sy = {Xp,TT^, A} with surjective limit projections. If for the cardinal k — sup{7Tw{Ya) ■ a E A} the index set 
A is K-directed, then the morphism {fa}aeA has skeletal limit squares provided it has skeletal bonding squares. 

For TTT-spectra, Proposition 13. II can be partly reversed. First let us introduce the necessary definitions. 
Let r be an infinite cardinal number. We shall say that an inverse spectrum S = {Xa,Paj ^} is a ttt -spectrum 
(resp. a r-spectrum) if 

• each space Xa, a E A, has tt- weight Trw{Xa) < t (resp. weight w{Xa) < t); 

• the index set A is t -directed in the sense that each subset B G A of cardinality < t has an upper 
bound in A] 

• the index set A is uj- complete in the sense that each countable chain C d A has the smallest upper 
bound sup C in A; 
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• the spectrum S is r-continuous in the sense that for any directed subset C <Z A with 7 = sup C the 
hmit map limp^ : — > Vmv{Xa^p^, C} is a homeomorphism. 

A subset C of a directed poset A is called 

• cofinal if for any a ^ A there is an index /3 £ C with a < /3; 

• T -closed if for each directed subset D C C that has the lowest upper bound sup D in A we get sup D £ C; 

• T-stationary if C has non-empty intersection with any cofinal r-closed subset of A. 

Theorem 3.4. Let {fa]aeA '■ Sx ~> Sy be a morphism between two HT-spectra Sx — {Xa,pf,^} o,nd 
Sy = {YajT^a, A} with surjective limit projections. If the limit map lira fa : limiS^ — > limiSy is skeletal, then 
for some cofinal r-closed subset B C A the morphism {fa}aeB is skeletal and has skeletal bonding and limit 
squares. 

Proof. To simplify denotations, let X = limSx, Y = lim5y, and / = lim/a : X — >■ F. First we show that the 
set 

B = {a E A : the limit ^^-square is skeletal} 
is cofinal and r-closed in A. For this wc shall prove an auxiliary statement: 

Claim 3.5. For every a E A there is 13 E A, 13 > a, such that for any non-empty open set U C X^ there is a 
non-empty open set V cYp such that T:p^{V) C clf{p~^{U)). 

Proof. In the space Xa fix a 7r-base B of cardinality \B\ — Trw{Xa) < t. For every set U E B the preimage 
p~^{U) is a non-empty open set in X = limXa. Then the skeletality of the limit map f : X ^ Y yields an 
open set Vu CY such that Vu C cl /(p~^(C/)). By the definition of the topology of the limit space Y, for some 
index au E A, ajj > a, there is a non-empty open set Wjj C Ya^ such that 7r~J(W(7) C Vjj. Since the index 
set A is T-directed, the set {au : U E B} has an upper bound /3 in A. It is easy to see that the index (3 has 
the property stated in Claim \3M □ 

Claim 3.6. The set B is cofinal in A. 

Proof. Fix any index ao E A. Using Claim 13.51 by induction we can construct a non-decreasing sequence 
(Q^n)new in A such that for any non-empty open set U C ^q„, n E id, there is a non-empty open set V C i^a„+i 
with<^^(y)Ccl/(p-i(C/)). 

Since the set A is w-complete, the set {an}ni£uj has the smallest upper bound (3 — swp{an}neuj G A. The 
proof of Claim \3M will be complete as soon as we check that /3 E B, which means that the limit 4,^-square is 
skeletal. 

Given any non-empty open set Ufj C Xfj we need to find a non-empty open set Vp CYp such that tt^^ (Vg) C 
cl/(p^^(C/^)). Since the spectrum Sx is r-continuous, the space Xp can be identified with the limit of the 
inverse spectrum {Xa„ , p^™ , w} and hence for the open set Up C Xp there are an index n eN and a non-empty 
open set U C Xa^ such that {Pa„)~^iU) C Up. By the construction of the sequence (afe), for the set U C Xa„ 
there is a non-empty open set V C 5^a„+i such that TTa^^^iV) C cl f{p~^{U)). 

Consider the open set Vp — {T^a^^J^^{V) C Yp. Taking into account that the limit projections pp and np 
are surjective, we conclude that 

= M^a'^AV)) C np{clf{p-liU)) C clTT^ o fip-'jU)) = 

^c\fpopp{p-l(U)) c c\fp{{pij-\U)) c c\fp{Up), 

witnessing that (3 E B. □ 

Claim 3.7. The set B is r-closed in A. 

Proof. Let C C -B be a directed subset of cardinality |C| < r having the lowest upper bound 7 = supC in 
A. We need to show that j E B, which means that the limit 7-square is skeletal. Fix a non-empty open 
subset U-y C Xj. Since the spectrum Sx is r-continuous, the space Xj can be identified with the limit space 
of the inverse spectrum {Xa,Pa:C}. Then the open set U.y C Xj contains the preimage {Pa)~^{Ua) of some 
non-empty open set Ua C Xa, a E C. Since a E C C B, the limit 4,Q-square is skeletal. Consequently, for the 
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set Ua there is a non-empty open set Va C Yq such that 7r^^(Ki,) C c\f{p^^{Ua)). Then for the open subset 
= i^D'HV^) inX^ we get 

S '(^7) = ^^'(Vc) C cl f{p-\Ua)) = cl f{p-\ipl)-\Uo.))) c c\f{p-\U^)), 
witnessing that the hmit 4,^-square is skeletaL □ 

Claim 3.8. For any indices a < (3 in B the bonding \^^-square is skeletal. 

Proof. To show that the bonding 4,^-square is skeletal, fix any open non-empty subset U C Xa- Since a & B, 
the limit l^-square is skeletal and hence there exists open non-empty subset V <^ Ya such that TTa^{V) C 
cl/(p~^ ([/)). Since the limit projections pp and tt^ are surjective, we get 

i^^r\V) = 7:pi7:-\V)) C 7:p{c\ f{p-\U))) CcWpo f{p-\U)) = dfp opp{p-\U)) = c\ fp{{pi)-\U)). 

□ 

The definition of the set B and Remark 1 2 . 2 1 imply our last claim, which completes the proof of Theorem l3.4l 
Claim 3.9. For every a B the map fa '■ Xa — > Ya is skeletal and hence the morphism {fa}aGB is skeletal. 

□ 

The following theorem partly reverses Theorem 13.41 

Theorem 3.10. Let {fa}a£A ■ Sx Sy be a morphism between two irr-spectra Sx = {XaTPa: o,nd 
Sy = {YaiT^ai-^} with surjective limit projections. If the limit map lim/a : limiS^ lim5y is not skeletal, 
then the set 

B = {a ^ A : fa is not skeletal} 

is Lo -stationary in A. 

Proof. Assume that the limit map / = lim fa'-X-^Y between the limit spaces X = lim Sx and Y = lim Sy 
is not skeletal. Then the space X contains a non-empty open set U C V whose image f{U) is nowhere dense 
in Y. We lose no generality assuming that the set U is of the form U — Po^{Uo) for some index o e A and 
some non-empty open set Uo C Xq. 

To prove our theorem, we need to check that the set B meets each cofinal w-closed subset C of A. 

Claim 3.11. For any index a £ C , a > o, there is an index /3 lE C , (3 > a, such that for any non-empty open 
set Va C Ya there is a non-empty open set Wp C Yp such that TT^^{Wfj) C T^a'^iVa) \ f{U). 

Proof. Fix a vr-base B for the space Ya having cardinality \B\ — Tiw{Ya) < k,. Since the set f{U) is nowhere 
dense, for every setV €B the open subset 7r~-^(T^) \ c\f{U) of Y is not empty and hence contains a set of the 
form 7r~^(WV) for some index ay > a in A and some non-empty open set Wy C Yav Since the index set A 
is K-directed and the set C is cofinal in A, the set {ay :VeB} has an upper bound /3 e C. It is easy to see 
that the index /3 has the required property. □ 

Using Claim [Xm by induction construct a non-decreasing sequence (an)necj in C such that ao > o and for 
any non-empty open set V C n G to, there is a non-empty open set W C i^Q„+i such that 7r~-'^^^(W) C 

^a'AV)\f{U). 

Since the set C is w-closed in the w-complete set A the chain {an}neuj C C has an lowest upper bound 
(3 € A, which belongs to the w-closed set C. 

Claim 3.12. /3 eBnC. 

Proof. We need to show that the map fp : Xp — > Yp is not skeletal. Assuming the opposite, for the non-empty 
open subset Up = (Po)~^(C/o) = PfsiU) of Xp, we can find a non-empty open set Vp C Yp that lies in the 
closure c\fp{Up). Since the spectrum Sy is w-continuous, the space Yp can be identified with the limit space 
of the inverse spectrum , tt^" , w}. Therefore, we lose no generality assuming that the set Vp is of the form 
^3 = i'^a„)~^i^) some open set V C Yq^, n £ oj. By the choice of an, there is a non-empty open set 
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W C Ya^^i such that T^a^+ii^) ^a!,i^) \fiU)- Applying to this inclusion the surjective map np, we obtain 
that the non-empty open subset 

«^J-HW) = 7r^«^,(W^)) C 7r^«(y) \ fm = 

= M^a'{V))\npof{U) - {7TPj-\V)\fp opp{U) = Vp\fp(Up) 

of V does not intersect the set fp{Up) and hence cannot lie in its closure. This contradiction shows that the 
map is not skeletal and hence /3 B O C. □ 

□ 

4. A SPECTRAL CHARACTERIZATION OF SKELETAL MAPS BETWEEN REALCOMPACT SPACES 

In this section we prove Theorem 14.11 which characterizes skeletal maps between realcompact spaces and is 
the main result of this paper. This characterization has been applied in the paper pL] detecting functors that 
preserve skeletal maps between compact Hausdorff spaces. 

Let us recall that a Tychonoff space X is called realcompact if each C-embedding f : X ^ Y into a Tychonoff 
space y is a closed embedding. An embedding f : X ^ Y is called a C-embedding if each continuous function 
ip : f{X) M. has a continuous extension (p : Y ^ M.. By Theorem 3.11.3 [5], a topological space is realcompact 
of and only if it is homeomorphic to a closed subspace of some power of the real line, see [3l §3.11]. By [3j 
3.11.12], each Lindelof space is realcompact. 

We say that two maps f : X ^ Y and f : X' ^ Y' are homeomorphic if there are homeomorphisms 
hx : X ^ X' and hy '-Y ^ Y' such that /' o hx — hy o f- It is clear that a map f : X ^ Y is skeletal if and 
only if it is homeomorphic to a skeletal map f : X' ^ Y' . 

Theorem 4.1. For a map f : X Y between Tychonoff spaces the following conditions are equivalent: 

(1) / is skeletal and the spaces X,Y are realcompact. 

(2) / is homeomorphic to the limit map lim : limiSx limiSy of a skeletal morphism {fa} '■ Sx ^ Sy 
between two uj-spectra Sx = {Xa,Pa^ A} and Sy = {Yq,, tt^ , A} with surjective limit projections. 

(3) / is homeomorphic to the limit map lim/o, : limiSx — )■ limiSy- of a morphism {fa} ■ Sx Sy with 
skeletal limit squares between two oj-spectra Sx = {^a,Pai A} and Sy ~ {Ya,TT^, A} with surjective 
limit projections. 

(4) / is homeomorphic to the limit map Van fa : lim5x limSy of a morphism {fa} '■ Sx Sy with 
skeletal bonding squares between two uj-spectra Sx = {Xa,Pa, A} and Sy = {Ya, tt^. A} with surjective 
limit projections. 

Proof We shaU prove the imphcations (1) (4) ^ (3) (2) =^ (1). 

(1) =^> (4) Assume that the spaces X, Y are realcompact. Then Proposition 1.3.4 and 1.3.5 of [2 imply that 
the map / is homeomorphic to the limit map lim/c : limiSx — ^ limiSy of a morphism {fa}aeA between two 
w-spectra Sx = {Xa,Pai A} and Sy = {Ya,TT^,A} with surjective limit projections. If the map / is skeletal, 
then Theorem 13.41 vields a cofinal w-bounded subset B C A such that the morphism {fa}aGB has skeletal 
bonding squares. Since the set B is cofinal in A, f is homeomorphic to the limit map lim/o, induced by the 
morphism {fa}a£B with skeletal bonding squares between the inverse w-spectra {Xa,Paj B} and {Ya,TT^, B}. 

The implications (4) (3) and (3) (2) follow from Corollarv 13.31 and Remark 12.21 respectively. 

The final implication (2) (1) follows from Theorem 13. 101 and Proposition 1.3.5 [2] saying that a Tychonoff 
space is homeomorphic to the limit space of an w-spectrum (with surjective limit projections) if and only if it 
is realcompact. □ 

Let us observe that Theorem 14.11 does not hold for arbitrary spectra. Just take any non-skeletal map 
f : X ^ Y between zero-dimensional (metrizable) compacta and apply the following lemma. 

Lemma 4.2. Each continuous map f : X ^ Y from a topological space X to a realcompact space Y of 
covering topological dimension dim(K) = is homeomorphic to the limit map lim/o, ■ HmSx ^ Sy of a 
skeletal morphism {fa}a£A '■ Sx -> Sy between inverse spectra Sx = {Aq,p^, A} and Sy = {Yq, tt^, A}. 

Proof. By Lemma 6.5.4 of [1], the zero-dimensional realcompact space Y is homeomorphic to a closed subspace 
of the power N"^ for some cardinal r. Let A — [t]<" be the family of finite subsets of r, partially ordered 
by the inclusion relation. For every a e A let Ya be the projection of the space y C N"^ onto the face N" 
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and TTa : y — i> Yq be the corresponding projection map. For any finite sets a C /3 let tt^ : Yq, be the 

corresponding bonding projection. Then the space Y can be identified with the hmit hniiSy of the inverse 
spectrum Sy = {Ya,TT^,A} consisting of discrete spaces Yq, a G A. 

The space X can be identified with the hmit of the trivial spectrum Sx = {Xa,Pai ^} consisting of spaces 
Xa — X and identity bonding maps tt^ : Xp — > X^- Then the map / is homeomorphic to the limit map 
lim fa ■ lim Sx Sy of the skeletal morphism {fa}aeA ■ Sx — > Sy consisting of the maps /« = tTq o / : Xa — 
X Ya, a A. Here we remark that each map fa '■ Xa Ya is skeletal because the space Yq is discrete. □ 
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